We study quantum entanglement of bipartite CAR systems. We show that triangle inequality of von Neumann entropy does not hold in these systems. Meanwhile, we show non-separability in the sense of Florig-Summers for our CAR systems. Entanglement degrees by Narnhofer are generalized to an arbitrary, that is, not-necessarily commuting pair of general C * -systems. These new entanglement degrees are investigated with some explicit calculations for certain pairs of our CAR systems. We introduce a notion named half-sided entanglement via our generalized entanglement degree. By using this notion, we describe those certain notable features of quantum entanglement which originate from CAR.
I Introduction
We investigate bipartite CAR systems from the viewpoint of entanglement. Entanglement refers to those characteristic features of correlations between separated regions which are due to quantum mechanics and cannot be reduced to the classical probability theory.
In recent years, much attention has been attached to the subjects of entanglement from wide variety of standpoints based on the latest developments of quantum information theory such as quantum computing, quantum cryptography and quantum teleportation. At the same time, new light has been shed on fundamental aspects of quantum theory in connection with these new trends, see e.g. [9] , [10] , and [31] .
In quantum communication, a pair of quantum systems A and B are given. Here A and B represent the algebras associated with two quantum subsystems.
In the usual case which has been studied extensively, these A and B are finite dimensional quantum systems, and at the same time they are assumed to be algebraically independent, that is, A and B commute elementwise. The total system is given by A ⊗ B, the tensor product of A and B.
There arises a natural question whether it is possible to give a quantum entanglement degree in a more general setting, more precisely, to define a quantum entanglement degree for non-independent pairs of general C * -systems in a mathematically reasonable way. If this is possible, we are then tempted to ask whether there occurs something new on the behavior of entanglement for non-independent pairs. Entanglement between pairs of subsystems which are coupled by different kind of algebraic relations other than the tensor product, cannot be said to have been fully treated from a C * -algebraic approach, so far as we have been aware of. To explore the entanglement under non-tensor-product situations is the main subject of the present article.
For potential readers who are not familiar with the notion of C * -algebra, we refer to some text books on this field e.g. [13] , [14] , and [35] . It is possible, however, to read through the present article by replacing the general C * -systems by finite dimensional matrix algebras. We take the strategy to make our proofs elementary even when we can show them in slightly shortcut, or somehow ingenious ways by using C * -algebraic language. Nevertheless, we emphasize that the matrix algebras to be considered here are not restricted to full matrix algebras, two subsystems in a pair are not restricted to commutative, either.
Before coming on to our discussion, we shall now touch on the entanglement of a bipartite tensor-product system. Let H A and H B be finite dimensional Hilbert spaces. We then assume that H A and H B are coupled by tensor product. We set A = L(H A ) ⊗ 1 B and B = 1 A ⊗ L(H B ) which correspond to the independent subsystems imbedded in the total system L(H A ⊗ H B ) = L(H A ) ⊗ L(H B ), denoting the set of all bounded linear operators on a Hilbert space H by L(H). This (A, B) is a typical independent pair, and this setting is usually adapted in quantum information theory.
Let {ζ Let σ ψ be the 1-dimensional projection operator onto ψ. By the identification of density matrices with states for finite quantum systems, we denote the pure state with respect to ψ by the same symbol σ ψ as that of its density matrix. Let τ A and τ B be the partial traces over H A and H B , respectively, which are normalized as
where 1 H denotes the identity operator of H for a Hilbert space H. On the other hand, let Tr A and Tr B denote the matrix traces for A and B, respectively, which take 1 on each minimal projection. Then we have − Tr A τ B (σ ψ ) log(τ B (σ ψ )) = −Tr B τ A (σ ψ ) log(τ A (σ ψ ))
This formula gives a definition of entanglement degree for a pure state σ ψ . For any pure state of A ⊗ B, the von Neumann entropy of its reduced state to A is equal to that of its reduced state to B. We note that the arbitrariness of the choice of the subsystem A or B where the restriction of the given pure state is taken, equivalently, the choice of B or A which is traced over by the partial trace, is owing to the tensor product structure between H A and H B . In other words, the independence of the choice is due to the assumed algebraic independence of the pair of subsystems A and B.
The above simple definition of the entanglement degree for pure states [11] has been generalized to the so-called "entanglement of formation" for the mixed states [12] , see the precise definition (19) . Although −Tr A τ B (σ) log(τ B (σ)) may not equal to −Tr B τ A (σ) log(τ A (σ)) for a general mixed state σ of A ⊗ B, we find that it does not matter which of the subsystems A or B is chosen in the calculation of entanglement of formation for σ. We cannot, however, expect the above symmetry of the subsystems A and B when they are non-independent. We are now turned to our subject.
We shall be mainly concerned with a bipartite CAR system throughout this article. We consider two distinct CAR algebras A correspond to 1-particle Fermion system in separated regions physically. The total system is given by A car 1 ∨ A car 2 , the algebra algebraically generated by A car 1 and A car 2 , and will be denoted by A car 1,2 . We will show that the entropies of a pure states can take different values on A car 1 and on A car 2 , namely, it does matter which subsystem we trace out. The asymmetry of marginal entropies of pure states gives examples of violation of triangle inequality of von Neumann entropy for CAR systems.
We shall go further into structural analyses of CAR systems in order to clarify this remarkable aspect of correlations of entropy from a fundamental level. Furthermore, we study quantum entanglement in details for this simple and yet typical example of non-separable systems which are explained in the following.
The notion of separability (or independence) of quantum theory has various formalizations. In the literature of quantum information theory, the separability of two quantum systems refers to exclusively tensor-product systems, so far as we have seen.
We propose to use the statistical independence (C * -independence) given by Florig and Summers [19] for a generalized definition of separability of two quantum systems. Its original definition was invented within the framework of algebraic quantum field theory [21] , but it can be considered a useful concept also in quantum information theory.
Two subsystems of a system are said to be statistical independent if their arbitrary pair of prepared states can be extended to a state of the total system. This definition makes it possible to discuss the separability for noncommuting pairs in a general ground.
We show that a pair of two distinct CAR systems is not a statistical independent pair, namely non-separable. The non-separability of CAR systems is a key factor in some features of CAR systems such as the violation of triangle inequality of von Neumann entropy as mentioned before and our new notion: half-sided entanglement.
We propose two distinct characterizations of the notion, half-sided entanglement. They seem to be both reasonable definitions for half-sided entanglement, although they take completely different formulations, and we have not been able to decide whether they are equivalent or not in full generality.
Let us explain them in more detail. The first one stems directly from von Neumann entropy, and it measures the amount of difference of marginal entropies of a pair of subsystems. We find some remarkable differences of the half-sided entanglement between CAR systems and tensor-product systems. We demonstrate the usefulness of von Neumann entropy as an index of correlations not only for states of a tensor-product composite system but also for systems themselves. More precisely, information on mutual algebraic relations among concerned subsystems of a total system is described by some inequalities of von Neumann entropy. The results in the present article and in [4] provide answers to some problems on inequalities of von Neumann entropy for CAR systems, which were investigated for quantum spin systems [26] , [27] , [2] , and a recent work [24] .
Before describing the second definition of half-sided entanglement, we recall the entanglement degree and its relevant functionals given by Narnhofer [28] , adding some modifications so as to generalize them for every, not-necessarily commuting pair of subalgebras A and B in a general C * -system C. They are likely to be suitable functionals for the quantification of correlations, especially that of quantum entanglement for general C * -systems because of the following reasons:
• Their conceptual ideas and their formulations are based upon the notion of entropy defect in Connes-Narnhofer-Thirring [16] and Sauvageout-Thouvenot entropies [36] ; these are known to be masterpieces of quantum versions of Kolmogorov-Sinai entropy.
• Our entanglement degree is reduced to entanglement of formation for the bipartite tensor-product systems [12] .
• Our entanglement degree is shown to hold the certain basic desiderata in [23] which any natural entanglement measure is expected to satisfy.
• Numerical computation of our entanglement degree reveals how differently entanglement for non-separable pairs behaves from that for commuting pairs.
We give the second definition of half-sided entanglement in terms of our generalized entanglement degree for every pair of subalgebras A and B in a general C * -system C. We calculate quantum entanglement degrees of some pure states for several pairs in our CAR systems, giving a justification of our terminology "half-sided".
We study how local operations of a half-sided system affect the entanglement degree. We show that the local operations can increase the entanglement degree in CAR systems in contrast to the tensor-product systems. This fact does not conflict with the desirable property of entanglement saying that entanglement is not increased by any combination of local operations and classical communications (LQCC), see [11] , [12] , [18] , [23] and references therein. For CAR systems, a subsystem in some region is not separated from another subsystem in the complement region due to the non-separability of CAR systems. This fact causes the violation of non-increasing property of entanglement degree under LQCC.
Finally, we may refer to some interesting works on fermionic entanglement or Fermionic quantum computation, e.g. [1] , [15] , [37] , and references therein. However, we are not sure so far whether they have some relevance to our present article. This article is structured as follows: In Section II, we fix our notation. Section III contains a counter example of the triangle inequality of von Neumann entropy for CAR systems. In Section IV, we give a proof of non-separability of our CAR systems by making use of some fundamental properties of von Neumann entropy. In Section V, we provide the definitions of weaving degree and entanglement degree for general C * -systems. We also derive some basic properties of them. Section VI is concerned with the notion of half-sided entanglement. In Subsection VI.1, we give the definition of S-asymmetric entanglement by which S-half-sided entanglement is introduced. In Subsection VI.2, we give an alternative definition of the half-sided entanglement, namely, E-half-sided entanglement, via asymmetry of our entanglement degree. Section VII is devoted to the detailed analyses of the functionals and the notions introduced in the preceding section. In the final section, Section VIII, we add some remarks and then mention some problems for the future research.
II Setting

II.1 CAR algebras
Let a * i and a i be creation operator and annihilation operators with the index i satisfying the following CAR relations:
where {A, B} = AB + BA (anti-commutator), i and j are 1 or 2. δ i,j takes 1 if i = j, while it takes 0 if i = j. (i = 1, 2) is isomorphic to M 2 (C). We define
In the same manner, we define In the same way, we define 
It is easy to see that 
We easily see that
From now on, we shall be mainly concerned with the former tensor product structure A
where M 2 (C) ⊗ 1, the subalgebra located in the first position of the tensor product, corresponds to the subsystem A acts on
acts on H 2 ( ∼ = C 2 ); they are algebraically independent.
We note that
will give a matrix unit of A spin 2
. By definition, it is easy to see that (1, 1) and e 2(spin) (2, 2) belonging to an eigenvalue 1, respectively, with some fixed phases. Then, {ξ
,2 is a CONS of H and we shall use this CONS from now on. This choice of CONS, however, is not essential for all our discussions in what follows other than one exception which will appear in Section VII, more precisely, at the second example of Subsection VII.4.
Remark 1
We adapt the mathematical convention for our terminology through this article. Sometimes our usage of notation is different from that in physics, or in quantum information theory. For example, ' * ′ indicates the adojointoperator, and the inner product of Hilbert spaces, '( , ) ′ is linear in the first argument and anti-linear in the second argument for our case.
II.2 Pure states and their marginal states
Let ρ be an arbitrary pure state of A car 1,2 . It is represented by a unit vector ξ in H with an arbitrariness of the phase factor. For A ∈ A car 1,2 , the expectation value is given by
This ξ can be decomposed by the CONS {ξ i,j } as
where c i,j ∈ C. From ξ = 1, we have
We then calculate the density matrices of the reduced states of ρ to subsystems of A , respectively) have the following density matrices:
where the (i, j) element in (8) is given by the expectation value of e 1 (j,i) in the state ρ, while the (i, j) element in (9) is given by the expectation value of e 2(spin) (j,i) in the state ρ. Furthermore, the density matrix of ρ restricted to A car 2 is given by
where the (i, j) element is the expectation value of e 2 (j,i) in the state ρ.
III Violation of triangle inequality of von Neumann entropy for CAR systems
Let H be a finite dimensional Hilbert space and L(H) denote the set of bounded linear operators on H. L(H) is a full matrix algebra due to the finite dimensionality of the Hilbert space. The von Neumann entropy of a state ω over L(H) is defined by
where Tr is a trace of the matrix algebra which takes the value 1 on each minimal projection; and D ω denotes the density matrix of ω with respect to Tr. S(·) always takes a finite value due to the assumed finite dimensionality of H and vanishes if and only if the state is a pure state of L(H).
We now recall a basic inequality of the von Neumann entropy, the triangle inequality, briefly stating its proof for the tensor-product systems. Let H A and H B be finite dimensional Hilbert spaces. Let ω be a pure state on
have the same spectra with the same multiplicities except possibly for the eigenvalue 0. Therefore, we have S(ω A ) = S(ω B ), where ω A and ω B denote the restriction of ω to A and B, respectively. From this fact and the strong subadditivity property of von Neumann entropy proved in the case of tensor-product algebras [26] and [27] , the following triangle inequality follows
for every (not necessarily pure) state ω on L(H A ⊗ H B ). The proof by Araki and Lieb [2] has shown that a weaker entropy inequality than the strong subadditivity suffices to derive this triangle inequality. (For general references of entropy inequalities, see e.g. [14] , [33] , [40] , and [45] .)
We will now give a counterexample of the triangle inequality of von Neumann entropy for our CAR systems, where we take A (7), then the (pure) state of the total system A car 1,2 is uniquely determined by (6) and will be denoted bŷ ρ. By substituting 1 2 into each c i,j in (8), (9) , and (10), we have the following explicit formulae for the density matrices:
andρ
The eigen equations for (11) and (12) are both
From this,ρ| A car
are pure states with entropy 0. However,ρ| A car 2 is a tracial state with the maximal entropy log 2. Therefore, we have
and this yields a counterexample of the triangle inequality of von Neumann entropy for the CAR case.
Remark 2 It will be shown in the next section that thisρ is a product state over A 
From the strong subadditivity property of entropy for CAR systems proved in [4] , the subadditivity property of entropy holds a fortiori. It follows from (14) and the subadditivity property of entropy for CAR systems
Then the positivity of entropy yields
By this vanishing result of entropy of ω, we conclude that ω is a pure state of A car 1,2 . Since A car 1,2 is a full matrix algebra (M 4 (C)), every pure state is a vector state. Therefore, for this ω, there exists a unique normalized vector η (ω) in H with a freedom of the phase factor satisfying that
The remaining assertion of Proposition, that is, the product property follows from the following lemma.
If a pure state ω of L(H) has a pure state restriction to L(H) ⊗ 1 H 2 , then ω has the product property:
Proof. The pure state ω is a vector state for some η ∈ H, η =1. Any vector η ∈ H can be written as
is pure, then there is only one term in the sum. Hence η can be written as η = ξ 1 ⊗ ξ 2 , where ξ 1 ∈ H 1 and ξ 2 ∈ H 2 . From this, the product property follows as
Remark 3
In Proposition 1, we also obtain that this ω is a product state over A spin 1
and A car 2 with pure marginal states on both these subsystems. We note that the converse assertion of this proposition does not hold. Namely, suppose that ω has pure restricted states both on A . Its restriction to A car 2 , however, is not necessarily to be pure. Actually,ρ in the preceding section gives an example which is a product of a pure state on A 
IV.2 Showing non-separability
We first recall the following definition of C * -independence by Florig and Summers [19] . This was first introduced [21] in algebraic quantum field theory as statistical independence, refer also to text books [5] and [20] . We note that this definition does not exclude non-commuting pairs of algebras a priori. Actually, there have been found several examples which are non-commuting pairs, but at the same time, satisfy this C * -independence property, see [19] , [39] and references therein.
We now show that a pair of C * -subalgebras (A = ̺ 2 . Our aim is to derive the inconsistency of this assumption for some pair of states ̺ 1 and ̺ 2 so as to show the non-existence of such ̺.
Since both ̺ 1 and ̺ 2 are pure states, they are represented by the following density matrices with some positive numbers ϑ, ϑ 2 , ϕ, ϕ 2 such that 0 ≤ ϑ, ϑ 2 < 2π and 0 ≤ ϕ, ϕ 2 ≤ π 2 :
and is a pure state, it is represented by the following density matrix with ϑ
By calculating the expectation values of the matrix unit of A 
), we can express the density matrix of ̺ 2 in terms of ϑ ′ , ϕ ′ and ϕ as follows:
where g(ϕ) ≡ cos 2 (ϕ) − sin 2 (ϕ). Thus the eigen equation of ̺ 2 is
, namely, unless {g(ϕ)} 2 = 1 or cos 2 (ϕ 2 ) sin 2 (ϕ 2 ) = 0, there exists no ϕ ′ such that (18) is equal to (16) 
will yield a total state in the form of
. In conclusion, we have shown the following. Remark 4 A general equivalent condition to the C * -independence is given in Proposition 3 [19] . That is to say, (A, B) are independent pair of C if and only if
for all A ∈ A and B ∈ B, where · denotes the norm of C * -algebra C. We could show more directly the non-independence of (A car 1 , A car 2 ) by applying some numerical calculations to this result. Our proof stated above, however, contains information on which pairs of states are extendable, or not. Moreover, several analyses contained in our proof will be used repeatedly.
V Entanglement for general C * -systems
V.1 Definitions of Entanglement and Weaving degrees
In this section, we introduce several kinds of functionals of a pair of subsystems and a state between them. First, we give the definitions of weaving degree F and F . Then based on them, we give our generalized entanglement degree E. Our definitions are similar to those by Narnhofer in [28] , but we need to add some elaboration so as to include the case of any non-commuting pair of C * -subalgebras in the definitions. In what follows, S(· | ·) denotes the relative entropy in the sense of Kosaki [25] . If ω 1 and ω 2 are states of L(H) where H is a finite dimensional Hilbert space, then the relative entropy for ω 1 and ω 2 has the following form
where D ω 1 and D ω 2 are density matrices with respect to ω 1 and ω 2 , and Tr is the matrix trace of H. Concerning the notation of relative entropy, see Remark 5 in the end of this subsection.
Definition 2 Let A and B be subalgebras of a C * -algebra C. Let ω be a state of C. Then the pair of (A, B) is said to be interweaved by the state ω by the amount
where the supremum is taken over all the sets of operators
for all B ∈ B, the above ω i denotes the state of C given by
is the relative entropy with respect to B.
Definition 3 F is defined by
where the meaning of the above supremum is the folloing : A state-decomposition ω = λ α ω α over C is first taken, where {ω α } is a set of states of C and λ α > 0, α λ α = 1.
For the state-decomposition of ω fixed, for each α, all the sets of operators
for all B ∈ B, the above ω α(i) denotes the state of C given by
for C ∈ C, are then taken.
Definition 4 E is defined by
where the infimum is taken over all the state-decomposition of ω. (ω j is a state of C for each j, and λ j > 0,
It is important to note that our definitions do not exclude non-commuting pairs. In our definitions, only those sets of operators {P i } in A which reproduce the given state on B by summation are taken in order to avoid meaningless divergence of relative entropy. This restriction is irrelevant if (A, B) is an algebraically independent pair because any {P i } in A will produce a state-decomposition over B for any given state of C. (For the account of the choice of {P i } in A, see Remark 1. in [28] .)
It would be useful to explain the conceptual ideas behind their mathematical formulations of the weaving and entanglement degrees defined above. A and B can be interpreted as a sender and a receiver, respectively, which are coupled by some quantum state ω over C in a scheme of quantum communications. We would like to quantify the influence of local measurements done by A with {P i } (P i ∈ A) upon the outcomes observed by B.
The {P i }-measurement changes the given state ω into {ω i }. Then the convex sum of relative entropies with respect to B of ω and its decomposed states ω i , that is, i λ i S(ω | ω i ) B , will measure the effect of this A-measurement upon B. F (ω, A, B, C) is the suppremum of these convex sums of relative entropies over all the measurements by A such that each of them produces a state-decomposition of ω on B. F (ω, A, B, C) will describe the amount of the correlation between A and B of ω.
Roughly speaking, F (ω, A, B, C) contains purely quantum correlations (quantum entanglement) together with statistical correlations. In order to subtract the contribution of the quantum entanglement from this quantity in a purely mathematical sense (namely, not by using physical operations), we take infimum of the convex combinations of weaving degrees where all the state-decompositions of ω over C run through.
It would be stressed that the pair of A and B has the direction of communication from the sender A to the receiver B. Therefore, our F and E are not required to be symmetric in A and B. In fact, we will find some examples which take different values for F and E in the exchange of A and B in Section VII. These examples numerically support a conjecture by Narnhofer [28] , and would lead to a better understanding of distinct roles of the sender and the receiver inherent in their algebraic mutual relations.
Remark 5
Although we do not intend to survey vast works on relative entropy (information), we shall take attention in passing to the different manners of its notation. Our present convention for the relative entropy has been commonly used in the field of operator algebras and their applications to quantum statistical mechanics e.g. [3] and [41] . Here two states are posed in the reverse position from the usual convention of information theory (see e.g. [31] and its reference). Note also that minus sign is sometimes added to the above notations in order to emphasize that entropy is a special case of relative entropy e.g. [14] , [44] . We refer the readers to e.g. [33] and [45] for the general accounts of relative entropy.
V.2 General properties of Entanglement and Weaving degrees
We shall derive some general properties of the Entanglement and Weaving degrees defined in the preceding subsections before coming onto a closer examination of them for our CAR systems; exact computations of them for our CAR systems will be postponed to Section VII.
E(ω, A, B, C) is a convex function of ω since we take the infimum over all the possible decompositions of ω over C.
Let C be a C * -algebra such that C contains C as a subalgebra, then
since not every decomposition of ω over C can be extended to that over C. The interweaving functions F (ω, A, B, C) and F (ω, A, B, C) are increasing functions in both A and B with respect to inclusion from the definitions with the monotone increasing property of the relative entropy [25] . If ω is a pure state of C, it is obvious that
We define further the following entanglement functionals in the same way as [28] ,
where all the state-decomposition of ω over C are taken in the former, while all the pure-state-decomposition of ω over C are taken in the latter.
Evidently we have E(ω, A, B, C) ≥ E(ω, A, B, C), E(ω, A, B, C) ≥ E(ω, A, B, C).
As long as C is a finite dimensional algebra, we have
by the same argument as that on p235 [28] .
In the original definitions in [28] , {P i }'s are taken only from projection operators in A. Thus it is obvious that our F , F and E are larger than those in [28] for any commuting pair. If we change our definitions on the choice of {P i }'s following the way of [28] , namely, if we take only projection operators in the supremum, our F , F and E reduce to those in [28] for commuting pairs.
If A and B are finite full matrix algebras and C = A ⊗ B, then it is easy to see that
for any state ω of C. It is nothing else "entanglement of formation" given in [12] . (19) implies that
under the same condition on A, B, C as above. We will see later that (20) is violated for CAR systems.
Remark 6 It would be worth mentioning that the expression (19) was earlier given by Ohya for tensor-product quantum systems [32] in the course of study of quantum mutual entropy. We find that (19) has appeared in [30] where general completely positive maps into general C * -and von Neumann algebras are considered. It is also relevant to so-called "entropy defect" which plays a central role in the definitions of quantum dynamical entropies given by Connes-Narnhofer-Thirring [16] [17] and by Sauvageout-Thouvenot [36] . Information theoretical contents of the entropy defect have been studied [7] . For general references on quantum dynamical entropy from various standpoints, see e.g. [6] , [29] , [33] , and [38] .
VI Half-sided Entanglement
VI.1 Asymmetry of entanglement and von Neumann entropy
We introduce the notion of "half-sided entanglement" in this Section. Before giving general definitions, we shall recallρ in Section III, which does not hold the triangle inequality of von Neumann entropy with
It can be said naively thatρ is maximally entangled in the half-sided part A is a tracial state with the maximal entropy log 2. Sinceρ is a pure state, it can be said that this non-symmetry of von Neumann entropy is due to a purely quantum effect, not to classical mixtures. Now we remind us that if A and B are both finite full matrix algebras, and if ω is an arbitrary pure state of C = A ⊗ B, then
For CAR pairs, there can occur asymmetry of marginal entropies as (21), while for tensor-product pairs, the symmetric property of marginal entropies of pure states (22) always holds. (In both cases, the pairs algebraically generate the total system.) The above contrast between CAR systems and tensor-product systems will lead us to the following account for the asymmetry of marginal von Neumann entropies of pure states: Asymmetry of entropies for a pair of subsystems is caused by the nonindependence(non-separability) of these subsystems. To put it another way, the variance of entanglement will reflect the algebraic location of the subsystems in a pair.
Motivated by the observation above, we invent the following definitions on the property of entanglement which is not symmetrically located in each subsystem of a pair, namely, half-sided entanglement. (Other definitions of half-sided entanglement via entanglement degree E will be introduced in the next subsection. For the naming of "half-sided entanglement", see Remark 11.) Definition 5 Let ω be a state of C. Let A and B be finite subalgebras of C. The degree of S-asymmetric entanglement of ω between A and B is defined by
@where the infimum is taken over all the state-decomposition of ω over C.
Definition 6 In the definition above, if E(ω, A, B, C) is non-zero, ω is said to be S-asymmetrically entangled with respect to (A, B)
. 
and E(ω, A, B, C) is non-zero, then ω is said to have S-half-sided entanglement E(ω, A, B, C) on B with respect to (A, B). If ω takes the maximal value of E(· , A, B, C) when it exists, that is,
E
If ω has maximal S-asymmetric entanglement and at the same time is Shalf-sided entangled, it is said to be a maximally S-half-sided entangled state.
We note that "S-" in these definitions indicates von Neumann entropy. Obviously, we have E(ω, A, B, C) = E(ω, B, A, C).
It is also clear that E(ω, A, B, C) = S(ω|
for any pure state ω of C. Since we take the infimum over all the possible decompositions of ω over C by definition, E(ω, A, B, C) is a convex function of ω. 
for any pure state ω. By taking a pure-state-decomposition of ω, we can see that (24) holds for any state ω. We thus conclude that it is nonsense to consider E for this system.
Remark 8
When C ⊃ A ⊗ B, however, (24) does not hold in general, even when A and B are both finite full matrix algebras. A counterexample is given as follows: Let A and B be finite quantum systems. Consider C = M 2 (C) ⊗ A ⊗ B. Let ω 1 be a pure state over M 2 (C) ⊗ A and ω 2 be a pure state over B. Let us give the (total) state ω over C as the tensor product of ω 1 and ω 2 , that is, ω = ω 1 ⊗ ω 2 . ω has the only trivial decomposition over C because of its purity. S(ω| B ) always vanishes by definition, but S(ω| A ) = 0 unless ω 1 is a product state between M 2 (C) and A.
VI.2 Asymmetry of entanglement and Entanglement degree
We have introduced the notion of half-sided entanglement in terms of von Neumann entropy in the preceding subsection. Although this definition is straightforward and intuitive, it is restricted to only pairs of finite subalgebras on which von Neumann entropy is always meaningful. Moreover, its expression as difference of marginal entropies will not even suggest any direct method how to extend it to general C * -pairs in a reasonable way, hence, we are requested to invent a new idea to accomplish this purpose. We present our new definition of half-sided entanglement in terms of entanglement degree "E" given in Definition 4.
Definition 7 Let C be a C * -system, and A and B be a pair of subalgebras of C. Let ω be a state of C. The degree of E-asymmetric entanglement of ω between A and B is defined by
where the infimum is taken over all the state-decomposition of ω over C. (A, B) . If ω has maximal E-asymmetric entanglement and at the same time is Ehalf-sided entangled, it is said to be a maximally E-half-sided entangled state.
Definition 8 In the definition above, if E(ω, A, B, C) is non-zero, ω is said to be E-asymmetrically entangled with respect to
Let {λ i k , ω i k } k be any net of state-decompositions of ω attaining E(ω, A, B, C), that is, ω = i k λ i k ω i k for each k and @ E(ω, A, B, C) = inf k i k λ i k E(ω i k , A, B, C) − E(ω i k , B, A, C) . If lim k i k λ i k E(ω i , B,
By definition, we have E(ω, A, B, C) = E(ω, B, A, C).
It is also obvious that
for any pure state ω of C.@ Since we take the infimum over all the possible decompositions of ω over C by definition, E(ω, A, B, C) is a convex function of ω.
Remark 9
We will see that the same equation as (24) in Remark 7 also holds for E. Let C = A ⊗ B and both A and B be finite full matrix algebras. For any pure state ω of C, it follows from (20)
for any pure state ω. It is obvious that (26) holds for any state ω of C by taking a pure-state-decomposition of ω over C.
VII Entanglement in CAR systems
Let us now turn to our CAR systems and explain the meanings of the general definitions given in the preceding Section by supplying some concrete computations.
VII.1 S-asymmetric entanglement in CAR systems
We shall start consideration on E(· , A given by the density matrix (17) . By definition, ̺ is a vector state whose vector η (̺) ∈ H has the follwing product form
where η 1 (̺) ∈ H 1 and η 2 (̺) ∈ H 2 are given as
with some fixed phases. Let H(·, ·) be an entropy function given by the following formula,
for two positive numbers a, b. Let ̺ 2 be a restricted state of ̺ to A car 2 . Its density matrix is given in (18) . The eigenvalues of ̺ 2 , which will be denoted by ̺ ± 2 (ϕ ′ , ϕ), are given by
Since ̺ 1 is a pure state of A car 1 , we have
We also have
From these, we obtain
For any fixed ϕ, H(̺
, and then decreases from
, namely unless {g(ϕ)} 2 = 1, then it first increases strictly until ϕ = π 4
and then decreases strictly. On the other hand, for any fixed ϕ
, and then decreases from ϕ =
, it first increases strictly until ϕ = π 4
and then decreases strictly. Unless
, and at the same time unless
) has a strictly positive value, and therefore ̺ has S-half-sided entanglement H(̺
, then ̺ 2 is a tracial state, and hence E(̺, A ) is 0 and the other is log 2. Thus ω is also a S-half-sided entangled state for this case. We cannot expect, however, that the maximality of S-asymmetric entanglement will imply the S-half-sided entanglement for general E(· , A, B, C).
VII.2 Entanglement degree and Asymmetry of entanglement in CAR systems
We shall then consider Entanglement degree E for the pair (A 
We denote these states by ̺ {i} (i = 1, 2). If ̺(P (ξ 
where '⊗' is the tensor of A is a pure state by definition, ̺ {i} is a product of pure states by (28) , and therefore it is also a pure state of A to (18), respectively, as:
Let us set λ 1 (ϕ) ≡ cos 2 (ϕ) and λ 2 (ϕ) ≡ sin 2 (ϕ). Now consider
From (29), its restriction to A car 2 is given by
Recalling the definition of g(ϕ) as g(ϕ) ≡ cos 2 (ϕ) − sin 2 (ϕ), we have
We obtain from (18), (31) and (32)
Hence we have shown that (30) gives a state-decomposition of ̺ over A car 2 . We will then show that this decomposition is an optimal one. By (29) 
for an arbitrary finite matrix algebra B, we conclude that projections {P (ξ
of A car 1 and positive numbers {λ 1 (ϕ), λ 2 (ϕ)} give an optimum which attains
We then consider the opposite order of the pair (A 
), for example, supplies us with an optimal decomposition for E(̺, A, A
From (34) and (35), we obtain our desired result
Comparing this (36) with (27), we have
From this, we obtain the same conclusion on E as that on E stated just below (27) . In short, unless ϕ
, and unless ϕ = 0 or ϕ = π 2
, ̺ has E-half-sided entanglement on A 
Remark 11
We may add some explanation of our terminology "half-sided" entanglement since it might cause misunderstanding. It would be important to bear in mind that entanglement refers to non-local quantum correlations shared by subsystems in a entire system. Therefore, entanglement is not something which can be localized or concentrated physically in a single local system. Half-sided entanglement is the term to describe those some characteristic features of entanglement of CAR pairs which can never be observed in algebraically independent pairs.
Remark 12
We end up this subsection by making some remarks on the "six desiderata for entanglement measure" introduced by Narnhofer on p233 [28] , which are considered as natural requirements for any entanglement measure. These desiderata originate in those by M.Horodecki and P.Horodecki and R.Horodecki [23] , but are written in weaker forms so as to incorporate them into general C * -systems than the other works so far been done, e.g. this [23] , and [18] , [43] as well; all of them treated merely finite dimensional tensorproduct systems.
We have seen that all the desiderata other than one desideratum still hold for every pair of subsystems of general C * -systems in Section V. The exception, which corresponds to the 2nd desideratum [28] , says that if reduced state of ω to A or B is a pure state, entanglement degree should vanish. This desideratum has been confirmed to hold as long as A and B are commuting. We have demonstrated, however, that this does not hold for the CAR pair (A 
VII.3 Entanglement degrees for other pairs
We shall examine further E and E for the same ̺ but for other pairs which remain to be consider, although they are more or less trivial, or can be reduced to the previous results.
Let us first consider E(̺, A In particular, the equalities (27) , (34), (35) , and (36) 
where A in the second equality denotes an arbitrary subalgebra of A 
VII.4 States with maximal entanglement
We give two examples which will illustrate the dependence of the entanglement degree E on the pairs of subsystems which are being referred to.
The first example isρ given in Section III. It is written byρ =ρ 1 ⊗ρ spin 2 , whereρ 1 is a pure state of A car 1
given by the density matrix of (15) given by the density matrix of (17) with
. Just substituting these values to (34) , (35), (38) , and (39), we have
We then give the second example which takes the value log 2 not only for (40) but also for (41) . We take c 1,
and c 1,2 = c 2,1 = 0 for (7), denoting the corresponding vector
and the vector state of this η (ρ) byρ. Substituting this {c i,j } into (8), (9) , and (10), we have the following density matrices:
Thus,
It follows from (43) and (19) that
We shall consider E(ρ, A 
We denote these states byρ i (i = 1, 2). We note that
Therefore,ρ i is a vector states of A (7), respectively. Substituting these {c i,j } into (10), we haveρ
From (44) and (42), we havē
are pure states from (44), the decomposition above is an optimum for E(ρ, A
Let us then consider the entanglement degree ofρ for the reverse order of the above pair, that is, E(ρ, A 
which will be denoted byρ ′ i (i = 1, 2). We note that
Therefore,ρ
From (46) and (42), we havē
are pure states from (46), the decomposition above is an optimum for E(ρ, A
From (40), (41) and (25), we have
on the other hand, from (45) , (47) and (25), we have
We conclude that for the pair (A car 1 , A car 2 ),ρ has maximal E-asymmetric entanglement on the half-sided system A car 2 , whileρ has maximal entanglement which is fully symmetric.
Remark 13
Due to the specific form ofρ, we can find the sets of operators making the optima from the set of Θ-even projections, such as P (ξ -bipartite tensor-product system. Let us give the following (entangled) vector
where | ↑> denotes the state vector of spin-up and | ↓> to the state vector of spin-down. The vector state given by the above vector will be denoted byρ spin . Thisρ spin is a maximal entangled state for the spin -subsystems which are coupled by tensor product.
It is, however, highly non-trivial task to find out an optimal set of operators for a general mixed state of A car 1,2 in the calculation of entanglement degree for CAR pairs. It would not be enough in general to search an optimum merely among Θ-even projections. See also remarks in Section VIII.
VII.5 Non-locality of operations on a half-sided system
As shown in Section IV, CAR systems are not statistical independent(nonseparable). It is natural to expect some sort of operational non-locality for non-separable pairs of subsystems. We shall study non-local aspects of operations done in a local region from the viewpoint of entanglement. We investigate how entanglement degree E of the pairs satisfying canonical anticommutation relations will change under local operations done in a half-sided region.
Before considering our CAR systems, we briefly sketch some general facts on entanglement and local operations for tensor-product systems. Let A and B be finite full matrix algebras and C = A ⊗ B. A linear transformation on C is said to be a local operation for (A, B) if and only if it can be written in the form of α ⊗ β, where α is some transformation of A and β is some transformation of B. It has been shown [12] that any collective local operations on the pair (A, B) do never increase entanglement degree E(ω, A, B, C) for any state ω of C.
We now turn to our CAR systems. By local automorphisms of A , where ̺ 1 is given by (15) , while ̺ spin 2 is given by (17) . Fixing the parameters of (15) and of (17), we take a state ̺ • . By acting local automorphisms of A car 1 , we can transform this ̺ • to any state in the form
where ̺ 1 is given by (15) with arbitrary ϑ and ϕ while ̺ . Just recalling (27) , (34) , and (36), we have
From this, we know that the entanglement degrees will vary with ϕ, consequently, they will change and even increase under the actions of local automorphisms of A car 1 .
VIII Additional remarks and problems
In this final section, we shall add some remarks and refer to further problems which are left to be discussed.
First, in the calculation of entanglement degree E, we have to find out optimal decompositions of the states under consideration. Various forms of state-optimization have appeared not only in the computations of several entanglement degrees but also in those of several dynamical entropies or their related entropy-functionals (e.g. the algebraic entropy in the sense of Connes-Narnhofer-Thirring), following the definition of each functional. To find solutions of the optimization problems is of central importance, even essential for the study of the above functionals, see e.g. [6] , [7] , [8] , [16] , [33] , and [42] .
We turn to the case of E from the viewpoint of the optimization. A closed form of E for bipartite spin-It would be an intriguing problem to find out explicit formulae of E for our bipartite CAR systems by developing a method of making optimal decompositions for general (mixed) states.
We have presented explicit results on entanglement degree of certain specific states for CAR pairs in Section VII, as (34) , (35) , (37) , (45) , and (47). It is not certain how to remove the assumed restrictions on the states and to extend our computation of entanglement degree to an arbitrary state of A After caring out this task, which would be far from being trivial as we envisage, we then try to find out an optimal one to achieve F (ω, A over all the state-decompositions { λ k ω k = ω} over A car 1,2 . Next, we touch on our two different definitions of half-sided entanglement via E for the former and via E for the latter. All the examples presented in the present article give identical values for E and E. They are, however, specifically chosen so as to make their explicit computations possible. It is not certain whether or not E and E coincide with each other for any state of A Finally, we discuss the desiderata or axiomatic postulates which can be considered as proper demands for natural entanglement measures.
What kinds of groups of postulates are to be chosen as suitable demands for natural entanglement measures has been discussed e.g. in [18] , [23] , [34] , and [43] for the case of bipartite tensor-product systems. It has been shown that some combinations of postulates determine the forms of entanglement measures; they are sometimes estimated by certain inequalities, sometimes are determined uniquely, depending on the stringency of the assumed postulates.
Although the definitions of entanglement measures so far been given are different in their details (some definitions satisfy some postulates, other do not, it is not always sure even whether or not), they are commonly based on the concepts of operational formulation of quantum theory.
In the usual context of quantum information theory, separated systems or independent systems tacitly refer to the tensor product of finite dimensional Hilbert spaces. It would be natural, at least in a fundamental level, to treat the systems providing the premises of (quantum) communication from the operational viewpoints, as well as the states which carry information in the systems.
For the purpose above, we propose to extend the notion of separability of systems as the possibility to prepare arbitrary states of each subsystem as in [19] , [21] . This notion of separability will be called generalized separability here.
We have introduced two different notions of separability: "separability of states and separability of systems". If we adopt the generalized separability of systems in place of the tensor-product of pair of finite matrix algebras, there arise the following questions on the possible definitions of separable states (generalized separable states):
• How can we define separable states for generalized separable systems? Here, the usual definition that ω is separable iff ω = λ i ω 1,i ⊗ ω 2,i , for some λ i (λ i > 0, i λ i = 1) and a set of states {ω 1,i } of A and a set of states {ω 2,i } of B is no more directly available unless C = A ⊗ B.
• Moreover, how can we characterize separable states for non-separable systems. (Some results have been obtained in [4] for CAR systems concerning this problem; the product states between CAR pairs are introduced.)
Then, for the properties of E in more general situations than the tensorproduct systems, we raise the following questions:
• Does E vanish on the separable states in the above generalized sense? (On the contrary, we can require this property in the definition of generalized separable states.) • Can we prove or disprove the non-increasing property of our entanglement degree E under LOCC for generalized separable pairs? (Again, it is a natural way to ask this property as a postulate of generalized separable states.)
• Is it possible to derive uniqueness of our generalized entanglement degree E for generalized separable systems under some sets of postulates as bipartite tensor-product systems?
